Abstract. In this paper we investigate asymptotic properties about asymptotic equilibrium and asymptotic equivalence for linear dynamic systems on time scales by using the notion of u∞-similarity. Also, we give some examples to illustrate our results.
Introduction
The calculus on time scales was initiated by Aulbach and Hilger in order to create a theory that can unify and extend discrete and continuous analysis [1, 2, 15] . The theory on time scales has been developed as a generalization of both continuous and discrete time theory and applied to many different fields of mathematics [1, 2, 3, 4] .
The notion of similarity is an effective tool to study the theory of stability for differential systems and difference systems [5, 7, 10, 11, 12, 17, 18, 19] . Markus [17] introduced the notion of kinematic similarity in the set of all n × n continuous matrices defined on [t 0 , ∞) and showed that the relationship of kinematic similarity is an equivalence relation preserving the type numbers of the linear differential systems. Gohberg et al. [14] studied the problem to classify linear time-varying systems of difference equations under kinematic similarity. Conti [12] introduced the concept of t ∞ -similarity in the set of all n × n continuous matrices defined on R + = [0, ∞) and showed that t ∞ -similarity is an equivalence relation preserving strict, uniform and exponential stability of linear homogeneous differential systems. Choi et al. [9] studied the variational stability of nonlinear differential systems using the notion of t ∞ -similarity. Trench [18] introduced a concept called t ∞ -quasisimilarity that is not symmetric or transitive, but still preserves stability properties.
As a discrete analog of Conti's definition of t ∞ -similarity, Trench [19] defined the notion of summable similarity on pairs of m × m matrix functions and showed that if A and B are summably similar and the linear system ∆x(n) = A(n)x(n), n = 0, 1, . . . , is uniformly, exponentially or strictly stable or has linear asymptotic equilibrium, then the linear system ∆y(n) = B(n)y(n) has also the same properties. Also, Choi and Koo [7] introduced the notion of n ∞ -similarity in the set of all m × m invertible matrices and showed that two concepts of global h-stability and global h-stability in variation are equivalent by using the concept of n ∞ -similarity and Lyapunov functions. Their approach included most types of stability.
Choi et al. [9, 10, 11] investigated asymptotic equivalence for differential systems by means of the notions of strong stability and t ∞ -similarity introduced by Conti [12] . Trench [19] introduced summable similarity as a discrete analog of Conti's definition of t ∞ -similarity and investigated the various stabilities of linear difference systems by using summable similarity. Choi et al. [5] studied the asymptotic property and the h-stability of difference systems via discrete similarities and comparison principle. For detailed results about the various stabilities including the notions of h-stability and strong stability of dynamic systems on time scales, see [6, 8] .
In this paper we investigate asymptotic properties about asymptotic equilibrium and asymptotic equivalence for linear dynamic systems on time scales by using the notion of u ∞ -similarity. Also, we give some examples to illustrate our results.
Main results
We refer the reader to Ref. [3, 4] for all the basic definitions and results on time scales necessary to this work (e.g. delta differentiability, rd-continuity, exponential function and its properties).
Throughout this paper, we assume that the time scale T (a nonempty closed subset of R) is unbounded above and the graininess of T is bounded on T t0 . Here
Let M n (R) be the set of all n × n matrices over R and M n (R) the set of all n × n invertible matrices over R.
The class of all rd-continuous and regressive operators from
We consider two linear dynamic systems
where A, B ∈ C rd R(T κ , M n (R)). We consider the adjoint system of (2.1)
where A * denotes the conjugate transpose of a matrix A and (⊖A)(t) = −[I + µ(t)A(t)] −1 A(t). We note that the solution x(t) of (2.3) with the initial point x(t 0 ) = x 0 is given by
Choi and Koo [8] introduced u ∞ -similarity on time scales in order to unify (continuous ) t ∞ -similarity and (discrete) n ∞ -similarity that preserves the stability properties for linear dynamics systems on time scales.
) and t 0 ∈ T. An operator A is u ∞ -similar to an operator B if there exists an absolutely integrable operator
for both bounded operators S and
We introduce the notions of asymptotic equilibrium and asymptotic equivalence for linear dynamic systems on time scales as the notions for differential systems in [16] . Definition 2.3. System (2.1) is said to have asymptotic equilibrium if there exists a single ξ ∈ R n and r > 0 such that any solution x(t, t 0 , x 0 ) of (2.1) with |x 0 | < r satisfies
and for every ξ ∈ R n , there exists a solution of (2.1) such that satisfies the above asymptotic relationship. Definition 2.4. Two systems (2.1) and (2.2) are said to be asymptotically equivalent if, for every solution x(t) of (2.1), there exists a solution y(t) of (2.2) such that
and conversely, for every solution y(t) of (2.2), there exists a solution x(t) of (2.1) such that the above asymptotic relation holds.
Remark 2.5 ([5, Example 4.3])
. Note that if system (2.1) has asymptotic equilibrium, then system (2.1) is strongly stable, but the converse does not hold in general. So, the converse holds under a certain condition, i.e., if system (2.1) is strongly stable and lim t→∞ Φ A (t) = Φ ∞ exists, then system (2.1) has asymptotic equilibrium. (i) System (2.1) is stable together with its adjoint system (2.3).
(ii) There exists a positive constant M such that
Theorem 2.7. System (2.1) has asymptotic equilibrium if and only if
exists and is invertible, where Φ A (t) is a fundamental matrix solution of system (2.1).
Proof. Suppose that system (2.1) has asymptotic equilibrium. Then it is easy to show the existence of lim t→∞ Φ A (t,
T be the i-th unit vector in R n for each i = 1, 2, . . . , n. Then there exist the solutions x(t, t 0 , x 0i ) of (2.1) such that
where I is the identity matrix. Thus Φ ∞ is invertible.
We easily see that the converse holds. This completes the proof.
We give an example to illustrate Theorem 2.7.
Example 2.8 ([8, Example 4.17])
. Let t 0 ∈ T. We consider the linear dynamic system (2.5)
where
is a nonnegative constant satisfying µ(t) < 2e t +1 for each fixed t ∈ T t0 , then system (2.5) has asymptotic equilibrium.
Proof. A fundamental matrix solution Φ A (t, t 0 ) of (2.5) is given by
where C is a some positive constant. We see that e p (t, t 0 ) and 1 ep(t,t0) are bounded for each t ∈ T t0 . Thus we have
where M is a positive constant. Thus system (2.5) is strongly stable by Theorem 2.6.
Furthermore, we note that e p (t, t 0 ) is also nondecreasing on T t0 since the function 1 + µ(t)p(t) is positive and nondecreasing on T t0 from the condition of µ(t). Thus lim t→∞ e p (t, t 0 ) exists and is a nonzero constant. In fact, this implies that lim t→∞ Φ A (t, t 0 ) exists and is invertible. Hence it follows from Theorem 2.7 that (2.5) has asymptotic equilibrium. This completes the proof.
Remark 2.9 ([8, Remark 4.18])
. We give some remarks about Example 2.8:
Thus we easily see that (2) If T = hZ with the positive constant µ(t) = h < 2e t +1 for each t ∈ hZ, then a fundamental matrix solution Φ A (t) of linear difference system x ∆ = x(t + h) − x(t) = A(t)x is given by
We note that
h is bounded and nondecreasing for each t ∈ hZ since (1 −
h is positive and nondecreasing for each τ ∈ hZ. Thus we have the invertible matrix Φ ∞ given by
where lim t→∞
Note that the invertible matrix Φ ∞ is given by
) be an n × n matrix-valued function and assume that Φ A (t) is a solution of X ∆ = A(t)X. Then Φ A (t) satisfies Liouville's formula
where q(t) = λ 1 ⊕ λ 2 ⊕ · · · ⊕ λ n and each λ i , 1 ≤ i ≤ n, is the eigenvalue of A(t). Here ⊕ is defined by a ⊕ b = a + b + µ(t)ab. 
Also, if A(t) is a regressive 2 × 2 matrix-valued function, then
Theorem 2.12. If system (2.1) has asymptotic equilibrium, then
exists. Here q(t) = λ 1 ⊕ λ 2 ⊕ · · · ⊕ λ n and each λ i , 1 ≤ i ≤ n, is the eigenvalue of A(t).
Proof. It follows from Lemma 2.10 that Φ A (t) satisfies the Liouville's formula:
Thus, we have
Hence lim t→∞ e q (t, t 0 ) exists. The proof is complete.
We can obtain the following result as the special case of Theorem 2.12. Example 2.14. Let T = R and consider the linear dynamic system (2.8)
where A(t) = t 0 0 −t . A fundamental matrix solution Φ A (t) of system (2.8) is given by
Then we easily see that lim t→∞ t t0 trA(s)ds = 0 but lim t→∞ Φ A (t) does not exist.
Choi and Koo [8] obtained the following result about the stable stability that is preserved by the notion of u ∞ -similarity.
Lemma 2.15 ([8, Theorem 4.13]).
Assume that systems (2.1) and (2.2) are u ∞ -similar. Then system (2.1) is strongly stable if and only if system (2.2) is also strongly stable.
We can obtain the following result that the property of asymptotic equilibra for linear dynamic systems on time scales is preserved by the notion of u ∞ -similarity. Then system (2.1) has asymptotic equilibrium if and only if system (2.2) also has asymptotic equilibrium.
Proof. Suppose that system (2.1) has asymptotic equilibrium. Then (2.2) is strongly stable by Lemma 2.15. Also, the assumption on S(t) implies that lim t→∞ S(t) = S ∞ is invertible and
|F (t)|∆t < ∞, and Φ A (t, s) and Φ B (t, t 0 ) are bounded, we easily see from the Cauchy property that
exists. It follows that lim t→∞ Φ B (t) = Φ ∞ exists and is also invertible. Therefore (2.2) has asymptotic equilibrium by Theorem 2.7.
The converse holds by the same manner. This completes the proof. Now, we can obtain the following result about asymptotic equivalence by using the concepts of u ∞ -similarity and asymptotic equilibrium. Proof. We easily see that (2.1) has asymptotic equilibrium by the fact that | det(Φ ∞ )| ≥ α > 0 and Theorem 2.7. It follows from the assumption (ii) and Theorem 2.16 that (2.2) has asymptotic equilibrium. Let x(t, t 0 , x 0 ) be any solution of (2.1). Then lim t→∞ x(t) = x ∞ exists. For each x ∞ ∈ R n , the condition on asymptotic equilibrium for (2.2) implies that there exists a solution y(t) = y(t, t 0 , y 0 ) of (2.2) such that lim t→∞ y(t) = x ∞ . This implies that
By the same manner, we can obtain the converse asymptotic relationship. Finally, we study the asymptotic equivalence between homogeneous and nonhomogeneous linear dynamic systems on time scales by means of asymptotic equilibrium of homogeneous linear dynamic systems. So we consider the perturbed system of (2.1)
where A ∈ C rd R(T, M n (R)) and g : T t0 → R n is an rd-continuous function.
Lemma 2.20. Assume that system (2.1) has asymptotic equilibrium and the perturbed term g in (2.9) is absolutely integrable on T t0 , i.e., ∞ t0 |g(s)|∆s < ∞.
Then system (2.9) also has asymptotic equilibrium.
Proof. It follows that any solution y(t) = y(t, t 0 , y 0 ) of (2.9) is given by
where Φ A (t) is a fundamental matrix solution of (2.1) and
A (s, t 0 )g(s)∆s, we easily see that p(t) has a finite limit as t → ∞ because ∞ t0 |g(s)|∆s < ∞ and Φ
−1
A (t) is bounded for each t ∈ T t0 . Thus y(t) converges to a vector ξ ∈ R n as t → ∞. Conversely, let ξ be any vector in R n . Then there exists a solution y(t) = y(t, t 0 , y 0 ) of (2.9) with the initial point y 0 = Φ
where lim t→∞ p(t) = p ∞ and lim t→∞ Φ A (t, t 0 ) = Φ ∞ is invertible. This completes the proof.
As a consequence of Lemma 2.20 we easily obtain the following result. Theorem 2.21. Suppose that system (2.1) has asymptotic equilibrium and ∞ t0 |g(s)|∆s < ∞ for each fixed t 0 ∈ T. Then two systems (2.1) and (2.9) are asymptotically equivalent.
Proof. Let x(t) be any solution of (2.1). Then we have lim t→∞ x(t) = x ∞ since (2.1) has asymptotic equilibrium. Setting y 0 = Φ , t ∈ T t0 .
Assume that µ(t) is a nonnegative constant satisfying µ(t) < 2e t + 1 for each t ∈ T t0 . Then it follows from the simple calculation that two systems (2.10) and (2.11) are asymptotically equivalent by Example 2.8 and Theorem 2.21.
